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The interaction between a parallel brane-antibrane and brane-antibrane is investigated 
by regarding the brane-antibrane pair as a kink or anti-kink type tachyon condensed state. 
As the kink-type tachyon condensed state is known as a non-BPS brane we expand the 
Lagrangian of tachyon effective field theory to the quadratic order in the off-diagonal fluctu¬ 
ation and then use the zeta-function regularization and Schwinger perturbative formula to 
evaluate the interaction within a kink-kink or a kink-antikink. The results show that while 
the kink and kink has repulsive force the kink and anti-kink has attractive force and may 
annihilate by each others. We therefore evaluate the free energy at hnite temperature and 
determine the critical temperature above which the stable state of kink-antikink system may 
be found. 
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1 Introduction 


Sen’s conjectures on tachyon condensation [1] have drawn attention to various non-BPS D- 
brane configurations in string theory [2-6]. According to the conjectures the potential height 
of the tachyon potential exactly cancels the tension of the original unstable D-brane and, at 
the stable true vacuum, the original D-brane disappears and closed string theory is realized. 
Also, the kink-type tachyon condensations correspond to lower dimensional D-branes and 
organize “Descent relations” between stable and unstable D-branes [2], These conjectures 
have been examined from various viewpoints in string/M theory, such as boundary string 
field theories (BSFT) [7]. While the simplified field theory model of tachyon dynamics [3,4] 
is a powerful tool in describing various aspects of these dynamics in a simpler context. 

The generalization to the brane-antibrane system has also been investigated [5,6]. It is 
seen that, for a Dp-Dp pair system the kink-like configuration of the tachyon leads to a non- 
BPS D(p-l) brane [5]. In a recent paper [6], Hashimoto and Sakai used a tachyon effective 
field theory of a non-BPS brane to construct a classical solution representing a parallel 
brane-antibrane. From the solution the energy for the brane and antibrane with distance x 
is proportional to The exponential factor in here denotes the appearance of an 

excitation of a string connecting the two branes. 

In this paper we use the tachyon effective field theory of a non-BPS brane [3,4,8] to in¬ 
vestigate the interaction between a parallel brane-antibrane and brane-antibrane. We regard 
one brane-antibrane pair as a kink and another pair as a kink or an anti-kink configuration. 
As the kink or anti-kink in here is corresponding to the tachyon condensed state it could be 
described by the non-BPS brane. We therefore expand the corresponding Lagrangian to the 
quadratic order in the off-diagonal fluctuation to evaluate the interaction within a parallel 
kink-kink or a parallel kink-antikink. Using the zeta-function regularization and Schwinger 
perturbative formula [9-11] we show that the force between the kink and kink is repulsive. 
However, the force between the kink and anti-kink is attractive and thus may annihilate 
by each others. We also evaluate the free energy at finite temperature and determine the 
critical temperature above which the stable state of kink-antikink system may be found. 

Note that the free energy for the brane-antibrane system at finite temperature had been 
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evaluated in [12] in which the D-D system is simply regarded as a free-gas thermal system 
with classical tachyon held mass -f tachyon classical held potential. However, our treatments 
are to consider the interaction between a parallel brane-antibrane and brane-antibrane which 
is diherent from them. 


2 Tachyon Effective Field Theory 

Lagrangian of the two derivative truncation of boundary string held theory is given by [3,4,8] 

Ld, = -T, (ia„Ta„T + l) (2.1) 

where Tp is the tension of the unstable Dp brane. The unstable vacuum at T = 0 correspond 
to the original Dp brane, and its energy density is exactly equal to the Dp brane tension. On 
other hand, the stable vacuum at T = ±cx) is thought of as the ’’closed string vacuum” with 
vanishing energy. It is seen that there is another stable one soliton solution with T = \/2x 
which represents a kink solution with center at a; = 0. This kink solution has tension 
rp_i = 2\^^Tp which is reasonably close to the actual value of rp_i = y^nTp. It was also 
shown in [3] that the fluctuation modes about this soliton have integer mass squared level 
spacing. Thus, this model nicely conforms with the Sen conjectures [1]. 


2.1 Lagrangian of Brane-Antibrane System 

It is known that the kink-type tachyon condensation of a brane-antibrane pair becomes a 
unstable D-branes [2]. In order to describe kink-kink or kink-antikink system the tachyon 
held needs to be generalized to a 2 by 2 matrix [4,8]. In this paper we use the following 
Lagrangian of the tachyon effective held 


L 


-TpTr 


^ g-Tr/4 


( 2 . 2 ) 


This Lagrangian has been derived from the string theory by Kutasov, Marino and Moore [4]. 
Minahan [4] had also used this Lagrangian to investigate the property of stretched strings 
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in tachyon condensation models. Note that in the kink-antikink system the tachyon held 
become complex-valued and the tachyon potential in the above equation shall take the form 
as expected. The tachyon held can be expressed as 



in which T+=T_ [4,8]. The diagonal parts represent a kink (i.e., a non-BPS brane after 
the tachyon condensation of a brane-antibrane pair) with the center located at xq and an 
antikink with center located at —Xq. The oh-diagonal complex tachyon helds are T+ and 
T_ which represent the lowest energy excitation of the strings stretched between a non-BPS 
brane (i.e., a kink) and non-BPS antibrane (i.e., an anti-kink). In a same way the tachyon 
held corresponding a kink with the center located at Xq and a kink with center located at 
—Xq is 



To calculate the Lagrangian we hrst use the Pauli matrix cTj to express the tachyon held 
(2.3a) as 

T = —\^Xq 1 \PixOz + 2 ^^+ ~ ( 2 - 4 ) 

Then, using the formula 

^xaa:+yay+za^ ^ ^2 + y2 _|_ ^2\ siukiJx"^ + + Z^) , (2.5) 

^ yx^ + ^ 

the Lagrangian expanding to the second order in the oh-diagonal tachyon held becomes 

L(k-k) ~ - [ 4:K{x,Xq) + K{x,Xq) d^T+df,T_ + U{x,Xo) T+T_ ]. (2.6a) 
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in which and hereafter we let Tp = 1. We also dehne 

K{x,Xo) = e~^^^~^^o''^'^cosh{xxo). (2.7a) 

U{x,Xo) = (^—sinh{xxo) — cosh{xxo)^ . (2.76) 

After the integration the hrst term in the (2.6) can be expressed as 

/ oo ”1 p oo 

da;[e-(^'+"o)/2 cosh{xxo)] = - / ^ ^2.8) 

-OO 2, J — OO 

Thus, the hrst term clearly represent the energy density of the independent kink and antikink, 
which is irrelevant to our investigation and is neglected hereafter. 

To hnd the interaction between kink and antikink we shall integrate out the off-diagonal 
tachyon held in (2.6). However, in the above truncated Lagrangian the coefficients before the 
tachyon kinetic term and mass term, i.e. K{x,Xo) and U{x,Xo), are coordinate dependent 
and we have to adopt some approximations to proceed. 

Our prescription is to redehned a new real held by 

T± = \Ik{x,Xo) ($1 ± i^2)- (2.9) 

Then we have the following relation 


J dx K{x,Xo) dpT+dpT 

J dx U{x,xo)T+T_ = J 

in which 


- = - j dx $1 -h $2 d ‘^^2 + Mk{x, xo) 
dx Mu{x, xq ) ($1 -h $2) , 


($2 + 


(2.10a) 

(2.106) 


Mk{x,xo) = --K{x,xo) ‘^dpK{x,xo)dpK{x,xo) + -K{x,xo) ^dpdpK{x,xo) 
= ^(2 - - ^(1 - x^)xl + ^(3 - 2x^)4 + 0{xl), 

Mu{x,Xo) = = -I+ xl- \x^xl + O(xo). 

K (x, Xo) 3 


(2.11a) 


(2.116) 


5 



This means that our approximation is to consider the kink antikink at short distance, i.e. 
Xq < 1 (note that we have set = 1 ). The associated Hamiltonian operator with respect 
to the fields can be expanded as 


H = H^ + Vi + 0{xl), 

(2.12) 

^ ^ 3 , 

(2.13a) 

Hq = + (2 “ X ’ 

Hi = ~{l + x^)xl, 

(2.135) 


It is fortunate that the operator Hq has eigenfunction of parabolic cylinder function Dn{x) 
[13], i.e. 


^Dn{x) + {n + ^-^)Dr,{x) = 0, (2.14) 

Dn{x) = (2.15) 

in which Hn is the Hermite function. Note that the above definition renders the parabolic 
cylinder function Dn{x) been normalized. 

For the tachyon field (2.3b) the Lagrangian expanding to the second order in the off- 
diagonal tachyon field becomes 

L(k-k) ~ - [ 4K(a:,xo) -h K{x,xo) d^T+d^T_ ]. (2.16) 

and the associated Hamiltonian operator become 


H = Hq + V^ + 0{xI), 

(2.17) 


(2.18a) 

Hi = -]^{l-x^)xl, 

(2.185) 
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The existence of the exact solution of operator Hq allows us, as in the conventional quan¬ 
tum held [11], to use the zeta-function regularization method to evaluate the renormalized 
effective action with a help of the Schwinger perturbative formula [10]. Using the effective 
action we can then obtain the interaction and free energy in the kink-antikink systems. The 
method is briehy described in below. 

2.2 Effective Action and Schwinger Perturbation Method 

First, for a held <h with action S'[<h] the ehective action W dehned by 

giiv = J (2.19) 

can be evaluated by the C-function regularization [9-11] 

W = = -^^r(0) + C(0)/n(p2)], (2.20) 

We will take parameter p = 1 in this paper. The ( function can be evaluated from the 
relation 

/ roc 

dxdt J ids{isY~^ < x,t \ \ x,t >, (2.21) 

where the operator H is dehned in (2.12) ot (2.16). Next, as the quantities Vi is small we 
can use the following expansion [10] 

= Tr[e-**^° - fse-*"^°Ui], (2.22) 

to expand the ( function by 

CH{iy) = a^)o + a^)v, + ---, (2.23) 

where C*(^) cire dehned in below. 

Co(j^) = [r(^)]~^y dxdt J ids{isy~^ < x,t \ \x,t>, (2.24a) 
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In the next we will use the above relations to evaluated the ( function and then obtain the 
energy and free energy in the kink-antikink systems. 

3 Calculations of Zeta-Function and Effective Action 

The Co(^) does not depend on xq and is irrelevant to our discussions. We can neglect it. The 
other zeta functions ares calculated in below for the zero temperature and hnite temperature. 

3.1 Zero Temperature : Kink-Antikink 

From the dehnition we have the relation 


Cvii^) = [r(^)] J dxdt J ids{isY {—is) < | e ° \x,t> 

= [r(z^)]“^y dxdt J das'" E / ^ I e I To, n >< po, n\ (^(1 + xl\x,t> 

= j ^ Jq J dx (^^{1 + x^xi^ 


= -E 


= l^Xn 


Po 


2n (po + 


[n+l)xl 


r(|)r(-' + i)„i + n 


27rr(i^ -|- 1) 


E 


Xn 


n’^+2 


= u- 


c(^) + c(i: 


(3.1a) 


To obtain the above result we have inserted the complete set | po,n >< po,n \ before the 
operator Hq and replace s by —is. We have also transfered to the Euclidean space by 
Po ipo- Note that repeatedly using the recursion of the Hermite function Hn+i{x) = 
2xHn{x) — 2nHn-i{x) we can expressed x^Hn as a linear combination of Hm and then from 
the orthogonality of the Hermite function we have a relation 



J dxx^Dn{x)Dn{x) = {u + l){n + 2)5n+2,m + (2n + l)dn,m + >/(m + l){m + 2)5n-2,m- 


This formula has been used to obtain the result (3.1a). 

Now, substituting (3.1a) into (2.7) we can find that the bounded configuration of kink- 
antikink has the energy 





C(^) + C(5) 


O.SdXg. 


(3.2a) 


This result shows an attractive linear force between a kink and an antikink with short 
distance. The contribution from the next order of Xq could be evaluated in the same way 
[11]. While the first order have revealed the desired physical property we shall neglect it. 

3.2 Zero Temperature : Kink-Kink 

In the same way, for the kink-kink system we have the relation 


Cvi(i^) = [r(^)] ^ J dxdt J ids{isy ^(—is) <xy\e I 


> 


= i>x\ 


2 r(i)r(z. + i) 


E 


-n Xn 


= u- 


27rT{iy + l) V 2 


C(^) 


(S.li) 


Thus the substituting the above equation (3.1b) into (2.7) we can find that the bounded 
configuration of kink-kink has the energy 


Ek-k{xo) — ^0 


C(^) 


-0.104x^. 


(3.26) 


This result shows a repulsive force between a kink and a kink as desired. 
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3.3 Finite Temperature 

To evaluate the zeta function for the kink-antikink at hnite temperature we shall replace 


Po i -jPo, (3.3) 

f 977 - 

dpo^ i ( 3 - 4 ) 

P po 

in which pq is an integral and temperature T = l3~^. Under these replacements the free 
energy F is dehned by [9] 

PF = -ic'(O). (3.5) 

Now following the prescription in the zero-temperature case we have the relation 


Cvi(i^) = [r(i^)] ^ J dxdt J ds {sY ^(—s) < x,t \ e (^-{1 + x^x, 


x,t > 


V 



2 

0 


E E 

n=l po 


\ 


1 + n 

^Y + n 


u+l ■ 


To proceed let is first rewrite the above equation as 


(3.6) 


n ,27r, 

-p (Tf' 


-2u-2 


2 E 

n=l,p=l 


1 + n 


+ (^) 


n 


u+l 


+ .. 


12 n , 2 TT, 


= — X, 


-2v 




2 Y. dx 


p=i 


i + x{fY 
H + xY^^ 


+ ... 


U n ,2 tt. 


= ^ X 


-2u 


(d 


[pl + yY^^ 


4 E dy 


p=i 


+ ... 


= ^ X, 


id 


(^)-=''C(20 - (^)-"''*y(2>'- 2) + 


= — X, 


(d 


ln{kT) + 2C(3) {kTf + 


(3.7) 
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in which the ... represent terms which are smaller compared to the leading term at high 
temperature, or those are 0(i/^) which do not contribute to the effective action. To obtain 
the above result we have used a simple relation 


, / r(i±^)r(cr - 

^ (y^ + MT (M^r-^r(a) ^ ^ 

The reffation formula [14] 

>r-4r(i)C(s)=7r-^r(i^)C(l-^), (3.9) 

has been used to regularize the divergence in the summation over po. (i.e., zz C (1 -h = 
1 + 7 z^ + ..., in which 7 is the Eular constant) 

Substituting (3.7) into (3.5) we see that the free energy becomes local maximum at Xq at 
high temperature, in contrast to the zero-temperature case in which the potential of kink- 
antikink system is minimum at Xq = 0. This indicates that the kink-antikink system may 
become stable at high temperature. 

Our next work is to find the transition temperature at which the zero-temperature phase 
(which is stable xq = 0 ) is transfered to the high-temperature phase (which is stable at 
xo 7 ^ 0). However, as the stable distance at high temperature is very large, it is beyond 
the small Xq approximation used in this paper. Therefore let us turn to investigate the 
low-temperature case. 

At low temperature ^ 0, we can use the Eular-Maclauriu formula 

H f(k) = J dxf{x) - ^ /(O) - ^ /"'(O), if = 0 , (3.10) 

k 

to take the summation over pq in (3.6). The integration term becomes just that at zero term 
which have been presented at (3.1), and the f'{0) terms is east to calculate. From (3.6) and 
(3.1) the final result is 


Cvi = 

P n=l po 


1 -I- n 



11 



= -E 


Po 


27r {pq + ny~^^ 


(n + l)xl 


V 

+ 777 ^ 2^1 


,277, 


6p ^ ^ p 


[C(j^ + 2) + ({u + 1)] 


= U Xn 


C(^) + C(i) 


+ ( 277)2 {kTY 




xl (- 1.33 + 0 . 617 ( 277)2 {kry 

The transition temperature thus is at 


1 


(3.11) 


(3,12) 


These complete our investigations. We thus conclude that at the above critical temperature 
the kink-antikink system becomes stable. 


4 Conclusion 

In this paper we investigate the interactions within a parallel kink-kink and within a parallel 
kink-antikink. We regard the pair of brane-antibrane as a conhguration of kink or anti¬ 
kink which is a non-BPS brane and then use the tachyon effective held theory of non-BPS 
brane [3,4,8] to investigate the interaction in this brane-antibrane systems. We expand 
the Lagrangian of tachyon effective held theory to the quadratic order in the oh-diagonal 
huctuation and use the zeta-function regularization and Schwinger perturbative formula [9- 
11] to hnd the to evaluate the interaction within a kink-kink or a kink-antikink. The results 
show that while the kink and kink has repulsive force the kink and anti-kink has attractive 
force and may be annihilated by each others. Especially, we also evaluate the free energy at 
hnite temperature and determine the critical temperature above which the stable state of 
kink-antikink system may be found. 

Finally let us make two remarks: 

(1) Although the kinks or antikinks on type II brane-antibrane pairs correspond to un¬ 
stable type II D-branes, which are uncharged, we can distinguish between the kink and the 
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antikink (the notation used in this paper) in the following way. Since the brane has not 
yet been annihilated by antibrane in & D — D pairs, there shall be a hnite distance (which 
is assumed to be larger then the small distance Xq used in eq.(2.11)) between the brane 
and antibrane. Also, as brane has positive charge while antibrane has negative charge the 
brane-antibrane pairs can be, for example, regarded as an electric dipole system. Now, for 
the brane-antibrane pairs along the x-axial we may call {D — D) pairs a kink while {D — D) 
pairs an antikink. If a kink, i.e. a {Da — Da) pairs is nearly overlapped on the another 
kink, i.e. a {Df, — Df,) pairs, then the repulsive force between Da and Df,, and repulsive force 
between Da and Df, will lead to a repulsive force between kink and kink. On the other hand, 
if a kink, i.e. a {Da —Da) pairs, is nearly overlapped on the another antikink, i.e. a (D^ — 
pairs, then the attractive force between Da and D^, and attractive force between Da and Di, 
will lead to an attractive force between kink and antikink. 

(2) Our treatment in this paper has used the Minahan-Zwiebach model [3,4] to analyze 
the kink-antikink system. This model is a simplihed held theory model of tachyon dynamics 
and is a powerful tool in describing various aspects of these dynamics in a simpler context. 
It is known to share common properties with string theory. However, the small distance 
expansions in eq.(2.11a) and eq.(2.11b) is just a result of derivative truncation of BSFT [7]. 
It will be interesting to investigate the problem by using of an effective action (from string 
held theory) to describe a short distance computation and to see the validity of our procedure 
of integrating out the oh diagonal terms of the tachyon, which seemingly still remain light 
in the short distance regime. The problem with large xq is surely physical interesting and is 
also remained to be investigated. 
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